Let us illustrate the use of Zalcman's Rescalling Lemma by showing how it can be used to derive Montel's Theorem in several complex variables see also [3] . First of all we shall need one auxiliary proposition for the proof of which see, for example, [2, Corollary, p.80 ].
Theorem 0.1. (Hurwitz's theorem) Let Ω be an open connected set in C n and {g j (z)} a sequence of holomorphic functions on Ω, converging uniformly on compact sets to a holomorphic function g. Then if g j (z) = 0 for all j, and all z, and g is nonconstant, we have g(z) = 0 for all z ∈ Ω.
The theorem of Montel is easy consequence of Zalcman's lemma [1] . Proof. Composing the functions of F with a linear fractional transformation, we may also assume that the omitted values are 0 and 1. Suppose F is not normal on Ω. Then by Zalcman's Rescalling Lemma [1] , there exist f j ∈ F , z j ∈ Ω and
uniformly on compact subsets of C n , where g is a nonconstant entire function. By Theorem 0.1, g does not take on the values 0 and 1, since no f j does. Let b ∈ C n . The function
is entire function on C, satisfies
and
But then, by one-dimensional version of Picard's Little Theorem, g b is constant, hence g(0) = g(b) for all b ∈ C n , a contradiction.
We shall now show that the following result, in which the values omitted are allowed to vary with the function, as long as they do not approach one another too closely, is also true.
Theorem 0.3. (Carathéodory's theorem) Let F be a family of functions holomorphic on Ω ⊂ C n . Suppose that for some ε > 0, there exist for each f ∈ F distinct points a f , b f ∈ C such that for all z ∈ Ω, f (z) = a f , b f and
Then F is normal on Ω.
Proof. Otherwise, there exists some ball B in Ω, which we may assume to be unit ball, on which F fails to be normal. Then by Zalcman's Rescalling Lemma [1] , there exist f j ∈ F , z j ∈ B and ρ j → 0+ such that f j (z j + ρ j ζ) = g j (ζ) → g(ζ) uniformly on compact subsets of C n , where g is a nonconstant entire function. Taking successive subsequences and renumbering, we can assume that a fj → a and b fj → b, where a and b are distinct points in C. Since g j (ζ) − a fj = 0 and g is nonconstant, it follows from Theorem 0.1 that g(ζ) = a. Similarly, g(ζ) = b. Again, we may assume that the omitted values are 0 and 1. The reasoning used at the end of Theorem 0.2 shows that g is a constant, a contradiction.
Montel's theorem remains valid if the omitted values are replaced by omitted functions, so long as the omitted functions never take on the same value at points of Ω.
Theorem 0.4. (Fatou's theorem) Let a(z) and b(z) be functions holomorphic on Ω ⊂ C n such that a(z) = b(z) for each z ∈ Ω. Let F be a family of functions holomorphic on Ω such that for each z ∈ Ω
for all f ∈ F . Then F is normal on Ω.
Proof. Consider the family of functions
Then each g ∈ G is holomorphic on Ω; and if g ∈ G, then g(z) = 0, 1 for z ∈ Ω. Thus G is normal on Ω by Theorem 0.2. But then, as is easily seen, F is normal on Ω as well.
